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Abstract
A 2D model of a bonded granular material is presented and its properties con-
ﬁrmed to be that of a brittle, isotropic elastic solid. The bond stiﬀnesses (axial
tension/compression, shear and bending) are taken from the classical solutions
to the external crack problem with two half-spaces bonded by a disc of in-
tact material. An assembly of granules is simulated using a random array of
points (representing the granule locations) with a prescribed minimum separa-
tion. The bonds are then generated by a Delaunay triangulation. This produces
an isotropic array of bonds giving rise to a model material with isotropic prop-
erties. Crack growth is simulated by sequentially removing the most highly
stressed bond in turn. Crack paths are then produced which are shown to agree
with the predictions of linear elastic fracture mechanics, in respect of both the
direction of propagation and the inﬂuence of specimen size. Some well-known
problems are then simulated including: the interaction of two parallel cracks; di-
ametrical compression of a disc; the four point bending of a beam; the inﬂuence
of mortar strength on the behaviour of masonry; and a ﬂat arch.
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1. Introduction
This paper focuses on a model developed to simulate the response of granular
assemblies to mechanically induced stress. The granules are bonded only where
they are in contact, and the bond strength is signiﬁcantly less than the granule
strength. As such it can clearly be used to simulate the behaviour of many sed-5
imentary rocks and a wide variety of ceramic materials, including some cement
bonded blocks and many refractory products. The lattice model presented is,
in eﬀect, a sheet of three dimensional granules with all the bonds in the plane
of the model. Consequently the model is currently only two dimensional; but
the techniques used could easily be extended to three dimensions.10
Lattice models have proved popular and have been used to simulate the
behaviour of particulate materials generally [1, 2, 3, 4]; rocks [5, 6, 7, 8], and
even a much wider range of brittle materials (e.g.concrete [9, 10, 11, 12, 13]) that
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do not have a microstructure that directly corresponds to the bonded granule
idealisation.15
Models of granular assemblies generally consist of:
• an assembly of granules with a lattice of bonds between (or near) the
contacts;
• a prescription of bond stiﬀnesses;
• a prescription of bond strengths.20
An assembly of granules and connecting bonds can be deﬁned in a model in
a number of diﬀerent ways. Chandler [14] used a 2D hexagonal lattice of equally
sized bonded spheres and created initial structural irregularities by randomly
assigning some bonds to be missing. More recently, the positions, shape and ori-
entation of granules in the model material are commonly distributed randomly25
and arbitrarily, but a real material can be measured and then reproduced in
the model [2, 5]. While many two dimensional models have been used success-
fully, three dimensional lattice models have also been developed [15, 16]. This
approach has become more popular as computerised tomography has become
more widely available.30
Regular lattices in which all the elements have the same linear elastic prop-
erties have been shown to simulate linear elastic behaviour in the bulk material,
however it has been shown [17, 9] that the crack pattern produced depends very
signiﬁcantly on the lattice layout. A random lattice produces a more realistic
result that appears to be independent of the particular lattice, but uniform ma-35
terial response commonly requires the properties of the elements to be adjusted
to ensure that uniform strain results in uniform stress within the lattice. While
that may present a problem for modelling perfectly homogeneous materials, it
may not be an issue with materials that, while homogeneous at a large scale,
are not so at the scale of the lattice.40
Many models simulate the bonds between the nodes of the lattice (regarded
as the locations of the granules in the model presented here) as springs [18,
6, 7, 15], but beam theory is also used [1, 19, 20]. While most lattice models
are based on linear elasticity, some have used viscous, cohesive crack, crack
bridging, tension softening and other non-linear approaches [21, 22, 23, 24] and45
some incorporate post-fracture compressive and frictional interaction [25, 26,
27]. While most lattice models use failure criteria based on stress, strain based
systems have been used [19].
Lattice-like models using discrete element methods (DEM) have also been
widely used [28, 8, 29, 30, 31] and although they have generally been limited to50
considering spherical or ellipsoidal granules, the bond stiﬀnesses are often similar
to those used in more obviously lattice models. Discrete element methods also
have the advantage that new contacts can be formed, and previously fractured
bonds re-formed, that can pass shear and compression (though not tension)
between granules.55
Several continuum models [32, 33, 34, 35] that can simulate crack growth in
brittle materials have been developed based on a damage mechanics approach.
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Usually the stress and strain within the body is computed based on linear elastic
theory and a threshold is set for the onset of damage. The elastic modulus is
then permitted to degrade in accordance with a rule, or rules, that may be60
based on some mechanistic concept [32], be guided by empirical work [33], or by
a widely accepted geomechanical model [34], or simply follow a realistic tension
softening proﬁle [35]. Although such models have advantages, such as the ease
with which they can be incorporated into ﬁnite element analysis, they cannot
capture the material behaviour at a ﬁne scale. Lattice-particulate models, of65
the type presented in this paper have an advantage in that respect.
The model presented in this paper is based on the linear elastic theory for
the bending, tension and shear of two half-spaces; and bond failure is assumed
to occur in pure tension. It focusses on simulating crack path development by
sequentially breaking (and then removing from consideration) the most severely70
stressed bond. This is done one bond at a time, permitting stable crack growth
to be simulated and also unstable crack growth in situations where inertial eﬀects
are negligible. The crack paths produced have been compared with recognised
criteria [36] and observations [37, 38, 39]. Finally the model is used to explore
qualitatively the inﬂuence of mortar strength on the performance of structural75
masonry. In these simulations the model is used for the purposes of comparison
only and the simulations do not relate to any speciﬁc material. It follows that
any numerical values provided in respect of, for example, loads or displacements
are not signiﬁcant.
A variety of diﬀerent models have been used to simulate the response of ma-80
sonry to applied load or foundation movement. Vertical loads were traditionally
handled by considering the masonry as a no-tension structure and ensuring sta-
bility while avoiding local crushing of the material. More modern approaches
take account of the bonding eﬀect of the mortar joints. Pande, Liang and Mid-
dleton [40], developed a procedure to establish orthotropic material properties85
for masonry panels which was then applied that to ﬁnite element analysis mod-
iﬁed by a smeared crack approach [41]. Alpa and Monetto [42] applied theories
relating to the frictional response of arrays of microcracks and considered walls
with in-plane loading, while Anthoine [43] used the theory of periodic media to
establish homogenised properties. Luciano and Sacco [44] used a representative90
volume based on a masonry unit with adjoining mortar and considered the pos-
sible crack paths that could form and the consequent states of the masonry to
determine characteristic moduli for each state. Homogenization techniques were
then adopted to establish a nonlinear constitutive law for the masonry material.
A common approach for thin walls subjected to lateral loads treats masonry95
panels as plates [45, 46, 47], and that approach can be extended to include ver-
tical loads [48]. Another technique [49, 50] uses discrete element methods, often
supported by homogenization techniques and the use of representative volumes.
While these approaches have several advantages, they lack the simplicity of the
model presented here.100
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2. Construction of the lattice
2.1. The nodes and bonds
In the model presented here, random points are generated in succession and
discarded if a new point falls outside a deﬁned area or is too close to any other
existing point. In this way an irregular, but reasonably evenly distributed set105
of points is created. Each of these points represents the location of the centroid
of a granule and forms a node in the lattice. Each node can translate in two
dimensions and rotate. A Delaunay triangulation is then performed to deﬁne
which nodes are connected to a neighbouring node. Each bond connects two
nodes and the granule to granule bond is assumed to exist halfway between the110
two connected nodes. The model, therefore, models non-spherical granules.
Figure 1: A typical granular assembly (shown as black lines) with the structure
of the model representing the assembly superimposed. The nodes that represent
the grains are shown as blue dots, and the lattice members that encapsulate the
bonds are shown as red lines. The nodes act at the centroid of the grains and
the contacts are taken as acting at the mid-point of the lattice members that
connect the nodes.
Figure 1 illustrates a typical granular structure of the sort being simulated
in the work presented here, overlain by the lattice structure used to simulate
the granular assembly. The blue dots are nodes in the lattice and each node
represents the centroid of a grain. The bonds between the grains are represented115
by the lattice members (shown as red lines) and the contacts between the grains
are assumed to act at the mid-point of the lattice member. In the simulations
presented in this paper the area of the bond connecting two grains was, on
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average, about 1.5% of the surface area of each of the grains that the bond
connected, with a maximum of 3.7%; justifying the assumption that the contact120
area was small. The diameter of the grains was, on average, about 1.2% of the
size of the body being simulated.
2.2. The bond stiﬀness
The area of each bond is assumed to be small in comparison to the surface
area of the granules. The bond stiﬀnesses (axial tension/compression, shear and125
bending) are taken from the classical solutions to the external crack problem
with two half-spaces bonded by a disc of intact material. Barber [51] gives
expressions for the case of the related problem of a cylindrical rigid punch of
radius a that is pushed, by a normal compressive force −t, a distance −ex/2
into an elastic half space that has shear modulus G and Poisson’s ratio ν.130
t =
4Ga( ex2 )
(1− ν) . (1)
Bending stiﬀness is found by considering the case of a punch that is tilted
through an angle φ/2 by a moment m such that
m =
8Ga3(φ2 )
3(1− ν) . (2)
Shear stiﬀness is found (using Johnson [52]) by considering the tangential force
q required to produce a tangential displacement, ey/2, of a granule
q =
4Ga
(2− ν)
(ey
2
)
. (3)
The stiﬀnesses presented above can be written, for the combined deformation135
of the two half-spaces, in terms of Young’s modulus (E) and Poisson’s ratio (ν)
as follows
Ea
(1 − ν2) (4)
for the axial case,
2Ea
((2− ν)(1 + ν)) (5)
for shear, and
2Ea3
(3(1− ν)(1 + ν)) , (6)
for rotation.140
5
2.3. Developing the local stiﬀness matrix
Consider two granules, sitting a distance L apart, in a two dimensional
Cartesian coordinate system, with the local x axis passing through the nodes of
both granules and the centre of the bond that is located half way between them.
The granules are subjected to axial, shear and bending forces that are applied145
to the nodes of the lattice. Following the procedure presented by Livesley [53],
the local stiﬀness matrix for the lattice member was constructed from an array
of primitives:
P =
⎡
⎢⎣
Ea
(1−ν2) 0 0
0 2Ea(2−ν)(1+ν) 0
0 0 2Ea
3
3(1−ν)(1+ν)
⎤
⎥⎦ , (7)
based on the stiﬀnesses outlined in Section 2.2. Using the conventional approach
of splitting the full stiﬀness matrix into four sub-matrices,150
K =
[
k11 k12
k21 k22
]
, (8)
and the full matrix, K, can be obtained from the sub-matrices using
kij = HiPH
T
j , (9)
where i and j can take the values 1 or 2, and
H1 = −
⎡
⎣ 1 0 00 1 0
0 L/2 1
⎤
⎦ , (10)
and
H2 =
⎡
⎣ 1 0 00 1 0
0 −L/2 1
⎤
⎦ . (11)
The stiﬀness matrix thus developed can then be used following the classic155
approach: f=Ku; where f is the vector of nodal forces; K is the stiﬀness matrix
and u is the vector of nodal displacements.
3. Testing the Model
3.1. Applying the Boundary Conditions
The boundary conditions were applied by selecting those boundary nodes160
that would be given prescribed displacements. The analysis proceeded in the
conventional manner for a standard stiﬀness method problem and the loads at
each bond were evaluated. All the simulations presented in this paper used
prescribed displacements and did not proceed by applying loads to any of the
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nodes. The forces required to produce those deformations were calculated (when165
required) from the vector of nodal forces produced by the simulation. As the
granule to granule connectivity was deﬁned in terms of a ‘beam like’ stiﬀness
matrix, granule rotation could be prescribed by applying a rotation to the rele-
vant end of the appropriate ‘beam’. It should be recalled that the simulations
are comparative only as no speciﬁc material is being simulated.170
3.2. Checking Isotropic Behaviour
It was necessary to ensure that a random array of bonded granules would
produce an assembly that manifested an isotropic response. Such arrays were
generated as described in Section 2.1 and the orientation of the bonds was
checked by constructing polar histograms of the orientation of the elements175
that formed the Delaunay triangulations. The bonds to be examined were se-
lected randomly using a Matlab algorithm and a large number of bonds were
examined for several diﬀerent granule arrays. Typical histograms are shown in
Figure 2. These checks demonstrated that the procedure outlined in Section 2
would produce a truly isotropic array.180
3.3. Linear Elastic Behaviour
The inter-granular bonds obey Hooke’s law. The constitutive relationships
between stress, σ, and strain, ε, for a two dimensional system are shown below.
εxx =
σxx
E
− νσyy
E
(12)
εyy =
σyy
E
− νσxx
E
(13)
185
εxy =
σxy
2G
, (14)
where the subscripts relate to the x and y axes in the usual manner.
The mechanical response of granular assemblies constructed as described in
Section 2 has been reported [54] to be consistent with a 2D isotropic linear
elastic solid.
3.4. Simulating Fracture190
The work described in the previous section indicated that initially the bulk
behaviour of the assembly was isotropic. The bond between two adjacent grains
was assumed to occur at the mid-point of the lattice member joining the nodes
representing each grain. It follows that the bond stresses were not uniform. The
area of the contact between two grains was assumed to be small compared to195
the size of the grain. It can be seen from Section 2.2 that the size of the contact
has much greater inﬂuence on the bending stiﬀness than on the shear or axial
stiﬀness.
Fracture was simulated as follows. First the displacements at the support
points were constrained to provide appropriate boundary conditions. An appro-200
priate point, or set of points, P , on the body was given a set displacement, Uset,
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Figure 2: Polar Histograms of Bond Orientations.
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and the reactions (F ) determined. The bond tensions, T , were determined and
used to calculate λ = T/S (where S is the bond strength) for each bond. The
bond with the maximum value of λ (denoted as λmaxn , where n related to the
simulation step) was then recorded as being broken and its stiﬀness subtracted205
from the appropriate elements of the stiﬀness matrix. Fn and λ
max
n were stored
and the modiﬁed lattice re-analysed and the process repeated. Clearly the stiﬀ-
ness of the body being simulated reduced with each fracture. The simulation
continued until the body was deemed to have completely failed.
The load versus displacement plots were then created. Prior to loading the210
displacement was zero, and the displacement associated with the ﬁrst fracture,
λmax1 Uset, was plotted against the value of λ
max
1 F1, with the slope of the plot
equivalent to the initial stiﬀness of the undamaged body. Fractures that occur
in the simulation after that ﬁrst fracture sometimes produced values of λmaxn Uset
that were smaller than λmax1 Uset. These were part of an unstable fracture215
process initiated by the ﬁrst fracture. The next fracture for which the value
of λmaxn exceeded the previous maximum was then established and λ
max
n Fn
versus λmaxn Uset plotted, ignoring any unstable fractures. The ‘step’ changes
in the stiﬀness of the body as fracture progressed is evident in the plots shown
in Figure 11, 13 and 14 and illustrates the tension softening known to occur in220
materials of the type being simulated in the work presented here.
3.5. Propagation of Straight Crack
A standard crack test was simulated by ﬁrst constructing a rectangular as-
sembly of randomly distributed granules. A small section of bonds located at the
mid-width and near the top of the assembly were removed from consideration225
in the loading algorithm, as illustrated in Figure 3. The elements removed have
been shown as a thick black line for clarity. The boundary nodes were prevented
from moving vertically, and the boundary nodes at either side were displaced
horizontally outwards to encourage the pre-existing crack to grow. The crack
extension predicted by the model is as expected and is shown in Figure 4, on230
the un-deformed geometry.
An examination of the bond forces during the simulations revealed much
higher forces in the bonds at the crack tip, consistent with the expected stress
concentration at this position, and near uniform strain in the uncracked portion.
Results of dimensional analysis predict that, for the test described above carried235
out on a sample of width W , a relationship exists between the total force (F )
applied to each long edge, of intact length, L, such that
√
W is proportional to
F/L. A large number of tests were carried out [54] using the model presented
here for samples of various widths (W ) and the results are illustrated in Figure 5.
This conﬁrms the linear relationship between F/L and
√
W .240
3.6. Propagation of Kinked Crack
The behaviour of the model when propagating a kinked crack was investi-
gated by setting up a sample, pre-cracked for a set length, generally as indicated
in Figure 3. For this test the nodes on the right hand vertical boundary of the
9
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Figure 3: Rectangular test sample with pre-crack shown as thick black lines.
assembly were displaced outwards and upwards, while those on the left hand245
vertical boundary were displaced outwards and downwards, but were free to
rotate. All the other nodes were free to displace and rotate in response to the
displacement of the boundary nodes. The resulting crack propagation is shown
in Figure 6. This test simulates Mode II cracking in the kinked portion of the
crack (i.e. ignoring the section that was pre-cracked before the application of250
any load).
Classic fracture mechanics [55] provides the following relationship
σθ =
1
(2r)
1
2
cos
θ
2
[
KI cos
2 θ
2
− 3
2
KII sin θ
]
, (15)
where σθ is the hoop stress at an angle θ from the pre-existing crack and a
distance r from the crack tip; and KI and KII are the stress intensity factors
for Mode I and Mode II loading respectively. A large number of simulations255
were then carried out for a particular granular arrangement containing a crack as
shown in Figure 3. The assembly was then subjected to a variety of deformations
consisting of a combination of horizontal and vertical displacement of the two
vertical boundaries. This pattern of deformation produced kinked cracks of
the form shown in Figure 6. The angle that the kinked portion of the crack260
made with the vertical drawn through the initial crack was measured from the
plotted ﬁgures showing crack growth. The values of KI and KII were calculated
from the following formulae, derived using the procedure presented by Rice in
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Figure 4: Rectangular test sample after crack extension. Cracks shown as thick
black lines.
a discussion [56] on a paper by Knauss [57].
KI = σ11(1− ν) 12 h
1
2
w (16)
and265
KII = (1 + ν)
1
2 σ12(2hw)
1
2 (17)
where σ11 is the stress at the crack tip that tends to open the crack in mode I,
σ12 is the shear stress at the crack tip, ν is Poisson’s ratio (taken as 0.19 for
these simulations, following work by Adaiem [54]) and hw is half the width of
the sample. This permitted a parameter μ to be determined
μ =
( KIKII )√
( KIKII )
2 + 1
. (18)
270
The values of KI and KII were determined as outlined above, from the
boundary reactions, during the ﬁrst loading run of the simulation (i.e. at the
onset of crack propagation). This was repeated for each deformation arrange-
ment (i.e. for a range of values of μ) and for two diﬀerent assemblies. The
results obtained from the simulations are compared with the theory in Figure 7.275
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Figure 5: Conﬁrmation of the linear relationship between F/L and
√
W where
F is the total force applied to each long edge, of intact length L.(Redrawn
from [54].)
It is clear from Figure 7 that, as one would expect, the model behaviour
is inﬂuenced by the granular arrangement and the signiﬁcance of this was in-
vestigated by running simulations using diﬀerent randomly created granular
arrangements for the same deformation mechanism. Deformation mechanisms
associated with KIKII = 0.0 and
KI
KII
= 1.0 were explored and ten assemblies cre-280
ated for each mechanism. The ﬁrst of these produced (for the ﬁrst deformation
mechanism) an average KIKII = −0.0250 and a variance of 0.0064, while the sec-
ond produced (for the second deformation mechanism) an average KIKII = 0.9499
and a variance of 0.0024. A third set of randomly generated assemblies was
created using a denser packing mechanism and evaluated using the second de-285
formation mechanism. This resulted in an average KIKII = 0.9799 and a variance
of 0.0012. The procedure was then repeated (again for the second deformation
mechanism), in an attempt to place more granules within the sample bound-
aries in order to achieve a greater packing density. This produced an average
KI
KII
= 0.9421 and a variance of 0.0022. Clearly, the number of granules that can290
be placed within a set boundary depends on the limit placed on the minimum
granule size and these results suggest that the initial simulations were close to
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Figure 6: Propagation of kinked crack. Cracks shown as thick black lines.
the optimum for the granule size chosen.
These tests indicate that the model captures the essential features of linear
elastic fracture mechanics and can simulate the behaviour of real, weakly bonded295
granular assemblies (such as sedimentary rocks, lean mix concrete and concrete
formed using strong aggregate, and several types of ceramic formed from strong
grains - such as grinding wheels).
4. Predictions Using the Model
4.1. Propagation of two Opposing Oﬀ-set Cracks300
The model was then used to explore the response of two opposing cracks,
oﬀ-set from each other, when the bond strength is uniform. Four arrangements
of pre-cracks were examined, as shown in Figure 8. In each case the cracks were
propagated by displacing the vertical boundaries of the cracked body outwards.
In this manner simple tension was simulated, with no shear element. The prop-305
agation of the cracks is shown in Figure 9 and generally follows the pattern
found experimentally by Fender et al. [39] and Cortet et al. [38].
4.2. Exploring Settlement of Masonry
Simulations of a simpliﬁed schematic of a masonry wall were carried out on
a geometry shown in Figure 10. The masonry units are indicated in red and the310
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Figure 7: Analysis of kinked crack. μ =
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. Blue dots show the the-
oretical predictions. Predictions using the model (for two diﬀerent assemblies)
are shown as green circles and red triangles.
central mortar joint between them is shown in green. The upper surface was
displaced downwards to mimic a downward acting uniformly distributed load
(UDL), and the support to the central portion was removed leaving supports
only at the ends, as indicated by the blue dots. The strength of the elements
in the mortar were set to diﬀerent fractions of those in the masonry units. It315
should be noted that the supports are not symmetrical so the maximum bending
moment does not coincide with the position of the mortar joint.
These show that, when the mortar strength is much lower than the that of
the masonry, the crack is conﬁned to the mortar joint; but as the strength of the
mortar increases, the crack ﬁrst starts to diverge from its initiation point within320
the mortar into the masonry (see Figure 10(d)) and, as the strength increases
again, the crack position moves to a point determined by the geometry and
uninﬂuenced by the relative strengths. The tendency of the crack to curve as it
extends into the masonry unit is noted and conforms to observations [36, 58].
The simulation shown in Figure 10(d) was allowed to run for a greater number325
of increments than the others to show the tension softening of the material as
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Figure 8: Arrangement of opposing oﬀ-set pre-cracks. Cracks shown as thick
black lines.
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Figure 9: Propagation of Opposing Oﬀ-set Pre-Cracks shown in Figure 8.
Cracks shown as thick black lines.
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Figure 10: Idealised Schematic of Masonry (shown red) with central mortar
(shown green) loaded by displacing the upper surface downwards to mimic a
UDL on the upper surface and supported as indicated by blue dots. It should
be noted that the supports are not symmetrical and so the maximum moment
does not occur at the mid-point of the beam. Cracks shown as thick black lines.
(a) Mortar strength at 10% of masonry strength; (b) mortar strength at 20% of
masonry strength; (c) mortar strength at 40% of masonry strength; (d) mortar
strength at 60% of masonry strength; (e) mortar strength at 80% of masonry
strength; (f) mortar strength at 100% of masonry strength (f).
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is illustrated in Figure 11.
4.3. Exploring the Behaviour of a Flat Arch
A simulation of a ﬂat arch was carried out as illustrated in Figure 12. Motion
of the nodes on the two vertical boundaries was prevented, and two nodes the330
upper surface near mid-span were displaced downwards to mimic a central patch
load. The strength of the mortar was kept at 10% of the masonry strength and,
as can be seen, the cracks occur in the tension zones and are mainly conﬁned to
the mortar joints. As the cracks develop they show the tendency to curve that
has been considered earlier.335
4.4. Simulating Standard Tests
A diametrical compression test (or cylinder splitting test) was simulated us-
ing the model and produced the classic crack pattern as shown in Figure 13(a).
The load vs displacement curve produced by this simulation is shown in Fig-
ure 13(b). It should be recalled that the simulation does not relate to any340
speciﬁc material and so the numerical values are not signiﬁcant and serve only
to aid comparison. The curve clearly shows the strain softening, known to occur
post-peak load in brittle materials of the type being considered.
A four point bend test was simulated as shown in Figure 14(a). The two
nodes on the upper surface indicated by the blue circles were displaced ver-345
tically downwards while the two nodes on the lower surface indicated by the
green circles were prevented from moving vertically. Two simulations were run,
horizontally restraining each of the lower nodes in turn, but there was no no-
ticeable diﬀerence in the results. The load vs displacement curve produced by
this simulation is shown in Figure 14(b). As before this does not relate to any350
speciﬁc material. The plot clearly shows the expected strain softening.
5. Concluding Remarks
This paper presents a two dimensional lattice model that could easily be
extended into three dimensions and that captures the essential behaviour of
weakly bonded granular materials. In the context of this paper, ‘weakly bonded’355
refers to the situation where fracture of the material would occur only by rupture
of the inter-granule bonds, leaving the granules substantially intact. It has
been demonstrated (see Figures 5 and 7) that the model obeys the fundamental
laws of linear elastic fracture mechanics. Inter-granule bond stiﬀnesses that
more closely mimic the interaction between bonded granules than the more360
commonly assumed springs; bars or Euler-Bernoulli beams have been used to
produce realistic simulations of the response of some brittle materials to load.
It is clear (see Figure 2) that the model can satisfactorily simulate an
isotropic material and it is clear from Subsection 4.2 that anisotropy could
be introduced. Simulations conducted using the model conﬁrm the experimen-365
tally observed behaviour that, in bonded granular materials, crack branching
and crack merging rarely happen as a consequence of statically applied load.
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Figure 11: Load versus displacement curves for the simulations shown in Fig-
ure 10. The short, solid blue line relates to a mortar strength at 10% of the
masonry strength; the doted green line relates to a mortar strength at 20% of
the masonry strength; the red dash-dot line relates to a mortar strength at 40%
of the masonry strength; the dashed magenta line relates to mortar strength at
60% of the masonry strength (this simulation was run for a greater number of
increments than the others to show the full crack development); the solid thick
black line relates to a mortar strength at 80% of the masonry strength; the thin
yellow line relates to a mortar strength at 100% of the masonry strength. The
simulations to which this ﬁgure relates were conducted for comparison purposes
only and did not relate to any speciﬁc material. It follows that the numerical
values shown for the load and the displacement are not signiﬁcant. The grain
size is, on average, about 1.2% of the length of the wall, and the area of the
contacts bonding the grains is, on average, about 1.9% of the surface area of
the each of the grains that it connects.
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Figure 12: Idealised schematic of a ﬂat arch restrained at the ends from moving
outwards or downwards and loaded by vertically displacing two nodes on the
upper surface to mimic a small patch of distributed load. The mortar (shown
green) strength is 10% of the masonry (shown red) strength. Cracks shown as
thick black lines.
The tendency of oﬀ-set opposing cracks to ‘bypass’ each other, which has been
observed by others [39, 38], is conﬁrmed by simulations presented here.
Simulations of an idealised portion of masonry with non-symmetric supports370
and subjected to load and settlement of supports illustrates the signiﬁcance of
the relative strengths of the mortar compared to the masonry units and the
inﬂuence of that on the resulting crack pattern. These simulations indicate that
the model presented here, although developed to investigate cracking conﬁned
to the bonds between granules, could also be used to investigate through granule375
cracking. A clear understanding of the features of bonded granular materials
that control cracking is very important for many engineering activities, including
construction, tunnelling, drilling, hydraulic fracturing and mechanical forming.
The tests and simulations presented here illustrate the utility of the model
presented in this paper for investigating cracking in bonded granular assemblies.380
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